Abstract-Lift-off variation causes errors in eddy-current measurement of metallic plate thickness. In this paper, we designed a triple-coil sensor operating as two coil pairs and in a multifrequency mode. It is found that the difference in their peak frequencies (the frequency when the imaginary part of the inductance reaches peak) is linearly proportional to the plate thickness but virtually immune to lift-off variations. Mathematical derivation, simulation, and experimental results verified the validity of the methodology.
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I. INTRODUCTION
E DDY-CURRENT testing methods have been used for measuring the thickness of metallic plates in [1] - [11] . However, both multifrequency and pulse techniques can suffer from errors due to variations in the distance between the sensor and the test piece, known as lift-off effects. Methods for dealing with lift-off variations have been investigated in the contexts of both techniques, such as using different signal processing, feature extraction [12] , [13] , sensor structure [14] - [16] , and detection principles [17] - [20] .
In the recent years, we have explored the potential of using multifrequency eddy-current sensors in the context of nondestructive testing applications. For example, the use of multifrequency methods in abstracting conductivity and permeability profiles along the depth in metal structures has been shown [21] , [22] . The potential of using multifrequency eddy-current sensors in noncontact microstructure monitoring in steel production has also been demonstrated [23] - [29] . Analytical and numerical solutions for a variety of different sensor geometries have been published [30] , [31] . Lift-off effect is a significant issue in these applications as well.
In this paper, we propose a design of an eddy-current sensor, which is composed of three coils and operates as two coil pairs in multifrequency mode simultaneously. The difference in the peak frequencies of impedance measurements from these two coil pairs is shown to be nearly constant in the range of lift-offs we tested. Using this feature, thickness evaluation can be carried out virtually immune to lift-off variations. Simulation and experimental results are provided and moreover mathematical explanations are given.
II. SENSOR CONFIGURATION
A triple-coil sensor is shown in Fig. 1 . The sensor is composed of three coils that are of the same dimension, coaxially, and equally spaced. The parameters are listed in Table I .
The sensor can be viewed as two coil pairs in operation. The first pair is composed of the bottom and the middle coil. The second pair is composed of the middle and the top coil. As such, the second pair can be thought as being shifted away from the test sample and has a higher lift-off. However, the lift-off difference between the first and the second coil pairs is always constant. Although two coil pairs exist, in practical operations, measurements are made by exciting the middle coil and taking induced voltages from the bottom and the top coils. This strategy guarantees the simultaneous measurement operation, saving time, and avoiding measurement errors due to switching between two coil pairs. The connection of this sensor to an impedance analyzer Solartron 1260 is shown in Fig. 2 . And a photo of the experimental setup is shown in Fig. 3 .
With this setup, two impedance spectral curves can be simultaneously obtained. Peak frequencies are identified and subtracted with the resultant value linked to thickness.
III. PEAK FREQUENCIES AT DIFFERENT LIFT-OFFS
In this section, we will show through an analytical solution that as long as the difference between the two lift-offs is constant, the difference in peak frequencies for the triplecoil sensor is linearly proportional to the plate thickness, but immune to lift-offs.
We start from Dodd and Deeds [31] analytical solution that describes the inductance change of an air-core coil caused by a layer of nonmagnetic metallic plate. Other similar formula exist [32] . The difference in the complex inductance
, where the coil inductance above a plate is L(ω), and L A (ω) is the inductance in free space.
The formulas of Dodd and Deeds [31] are
where
where μ 0 denotes the permeability of free space, N denotes the number of turns in the coil, r 1 and r 2 denote the inner and outer radii of the coil, while l 1 and l 2 denote the height of the bottom and the top of the coil, and c denotes the thickness of the plate. It can be observed in (1) that, two kinds of parameters contribute to the inductance change, one being the plate parameters (thickness and conductivity) and one being the coil geometrical parameters (radius, height, and the lift-off). Here, we included lift-off as a special geometrical factor in the coil parameters. We also note that the phase is mainly contributed by the plate factors with the amplitude mainly by the coil geometrical factors.
The phase and amplitude factors in the analytical solution can be separated based on an approximation, which originates from the fact that φ(α) slowly varies with α compared with the rest of the integrand, which reaches its maximum at a characteristic spatial frequency α 0 . The approximation is to evaluate φ(α) at α 0 and take it outside of the integral
Note that in (7), the sensor phase signature is solely determined by φ(α 0 ), which includes conductivity, the thickness of the conducting plate, and α 0 . L 0 is the overall magnitude of the signal, which is strongly dependent on the coil geometrical parameters, but independent of the thickness and its electromagnetic properties of the plate. Combining the fact that the phase signature ought to be related to the coil structure and geometry and the fact that α 0 appears in the phase signature formula, we hypothesize that α 0 is a parameter that encapsulates all the coil geometry factors as far as the phase signature is concerned. And therefore, variation in the lift-off should affect α 0 .
Substituting e 2α 1 c with 1 + 2α 1 c, and considering (3), (8) becomes
Letting
Equation (10) can be expressed as
In (12), it can be observed that the peak frequency for the first-order system is approximately ω 1 and from (11), it is concluded that the peak frequency increases with α 0 . Suppose a lift-off variation of l 0 is introduced, from (6), we can see that an increase of l 0 in lift-off is equivalent to multiplying a factor e −2αl 0
Due to the fact that L 0 = K (P 2 (α)/α 6 )A(α)dα reaches its maximum at α 0 and that the squared Bessel term is the main contributor, a simple function sin 2 (απ /2α 0 ) with its maximum at α 0 is used to approximate L 0 , as shown in Fig. 4 . This simplification is applied to obtain an analytical solution for α 0 . The shift in α 0 due to the effect of lift-off can be predicted as follows.
The new α should maximize e −2αl 0 sin 2 απ 2α 0 and therefore e −αl 0 sin απ 2α 0 .
The maximum can be obtained by finding the stationary point for e −αl 0 sin(απ /2α 0 ). Let In addition, through some mathematical manipulations, a new equation can be obtained
With small lift-off variation, α 0 l 0 1 holds, the right side can be approximated as
Therefore, the revised α is
The change in α due to the lift-off is
It can be seen that a positive lift-off l 0 reduces α, which in turn causes the decrease in the peak frequency by considering (11)
So far, we have mathematically proved that as we increase the lift-off, the peak frequency decreases in a linearly way. Therefore, with the triple-coil sensor, the difference between the peak frequencies of two coil pairs with a fixed separation should be constant with lift-off variations. Note that, the change in the distance between the triple-coil sensor and a sample will not change the lift-off difference between the two coil pairs. 
IV. SIMULATIONS AND EXPERIMENTS
In this section, experiments and simulations are reported for the sensor's performance in terms of thickness measurement. Note that, the definition of imaginary inductance can be deduced from the impedance as follows:
where Z ( f ) is the mutual impedance between a coil pair in the presence of a conductor and Z air ( f ) is for the air case.
A. Simulations
The sensor parameters are defined as in Table I . The test pieces used in simulation are aluminum plates with a conductivity of 3.82 · 1e7 S/m and a thickness of 22 μm at different lift-offs 0, 1.5, 3, 4.5, and 6 mm. In Fig. 5 , it can be seen that the peak frequency decreases as lift-off increases. As a comparison, the measured results are plotted as well.
B. Experimental Setup
Aluminum plates with thicknesses of 22, 44, 66, 88, and 110 μm were used as samples in the experiments. The coils used are defined as in Table I . The multifrequency data of the sensor response placed next to the samples were acquired using a SL 1260 impedance analyzer working in the swept frequency mode. The excitation voltage magnitude was kept at 3 V for all measurements. The differences in the complex inductance due to the presence of the conductive plates are shown in Fig. 6 for the sensor. As can be seen, peak frequency from the top coil pair is lower than that from the bottom coil pair. The frequency difference is obtained and listed in Table II for the 22-μm sample.
As can be seen from Table II , the frequency difference value is virtually immune to lift-off variation in a reasonable lift-off range for the sensor. In addition, therefore, reliable thickness measurement can be inferred based on this method. Tests were carried out to verify this method and the thickness measurement results are shown in Table III (a) and (b) for varying thicknesses and lift-offs.
V. CONCLUSION
In this paper, we have mathematically shown that as the lift-off increases, the peak frequency decreases. In addition, a sensor construction and test configuration has been devised to infer thickness from a novel index, the peak frequency difference. This results show that this method is strongly immune to lift-off variations. This is an important feature as in many practical applications, lift-off variation is unavoidable.
In this paper, an SL 1260 impedance analyzer working in a swept frequency mode was used to acquire the multifrequency data. However, multifrequency impedances can also be simultaneously abstracted using composite multisine waveform excitation followed by fast Fourier transform operations. A prototype instrument of this kind has been developed in our laboratory [33] .
